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Abstract

This paper presents a mathematical model for maintaining
reservoir pressure through the injection of industrial wastewater in
oil fields. When reservoir pressure drops significantly over time, oil
production becomes inefficient and challenging. The water
injection method is a widely used technique to sustain and increase
reservoir pressure, thereby enhancing oil recovery. We focus on the
peripheral (outside contour) water flooding method, especially
suited for small to medium-sized oil and gas reservoirs. The model
is formulated as a system of two-dimensional parabolic partial
differential equations, accounting for the flow dynamics in both oil
and water zones. The system is solved with appropriate initial and
boundary conditions, transformed into a dimensionless form for
computational efficiency. This study provides a theoretical basis
and numerical approach to optimize pressure maintenance
strategies via water injection, promoting improved oil extraction
efficiency.

Keywords: Reservoir pressure maintenance, water injection,
wastewater flooding, oil recovery, partial differential equations,
peripheral flooding, = mathematical modeling, dimensionless
formulation

Introduction

In oil fields, the “Water injection” regime is applied to maintain or increase reservoir

pressure when it becomes critically low. It is well known that over time, reservoir pressure

tends to decline in oil fields. As a result, the production process slows down, and oil recovery

becomes increasingly difficult. In such cases, the water flooding method is employed to restore

reservoir energy. By injecting water into the reservoir, pressure can be increased, which over

time leads to a partial recovery of

oil production.

There are several methods of water injection used for oil displacement, including:

- Peripheral (contour) flooding,

- Pattern flooding (injection from within the contour),

- bottom-up flooding.
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These techniques help improve oil recovery efficiency by maintaining adequate reservoir
pressure.

Peripheral (outside contour) water flooding method.This method is primarily used for
relatively small-scale oil or gas reservoirs. It involves injecting water through injection wells
(known as “nagnetatel wells”) located close to the outer contour (boundary) of the oil field —
typically at a distance of 50 to 100 meters. The production wells are positioned along an inner
contour, parallel to the outer boundary. As water is injected into the reservoir, over time, the
pressure in the oil-producing zone increases. This pressure buildup makes it possible to extract
oil more effectively and in sufficient quantities.

A schematic diagram of the peripheral water flooding method is shown in Figure 2.1.

Fig.1. Peripheral (outside-contour) water flooding method for oil recovery.
Wells: 1 — Water injection well, 2 — Oil production well
This assumption-based mathematical model is expressed in the form of a system of
partial differential equations of parabolic type in two spatial dimensions and is written as
follows:
9 (kaP\ , 0 (k 9P\ _ G .
a(zg) + E(ZE) = afy— - — Q beside (x,y()1)
9 (koP\ , 0 (koP\ _ . P, .
g(zg) + 5(55) = (1 —a)Bp—; + Q beside (x,y()2)
This system of differential equations (2.23) is considered with the following initial and
boundary conditions:

(1)

P, = P, = Py(x,y) beside = 0,(x,y) € G; + Gy, @)
—§ _KkoPi, . -
quq(t) - ¢Siq Uy on beside (x; Y) € Slq; lq - 1:Nq» (3)
k 9P ) .
i, (1) = §, =5 beside (x,y) € 5, iq = 1,1y, (4)
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aP,

o = 0 beside (x,y) € I, 5)
Pi(x,y) = Py(x, y),%% = i% beside (x,y) € I, (6)
al(x,y,t) k P, (x,y,t)

ot :_/,le(a—ao) on )
l(x,y,0) = ¢p(x,y)beside (x,y) € I3. 8)
Here,

n —inward normal to the boundary,

q — flow rate (production rate) of the i-th oil well,

Ng —number of wells,

S — contour of the i-th well,

c1 — dimensional scaling coefficient,

p1, — pressures in the oil and water zones of the reservoir,
k — permeability coefficient of the reservoir,

m— porosity coefficient,

h — reservoir thickness,

ni—normal to the contour s.

To solve the given problem, we transform the mathematical model and the boundary

conditions into a dimensionless form. For this purpose, we introduce the following notations:

X ==y =2 = e - poby

Y Te YT P P
_ :BHa/“ﬁLz L I »_ Oty . e (a_ao)ﬂ
=T Y aen BT ke R T g

Here,

Px— characteristic value of the reservoir pressure,

k«— characteristic value of the reservoir permeability,

L- characteristic length of the oil reservoir.

Taking into account the above notations and omitting the asterisk symbol (*), the
dimensionless form of the mathematical model with the given boundary conditions can be

written as follows:

ﬁ(kl_hl%}ri(kl_hlaﬂ}zam%, (X, y) €G,

OX\ 4 OX oy\ t4 Oy
)
0 [ kh, dp, | 9 [ k;h, dp, op,
— | === |+ —| =—=—=|=(1- —=, (X, G
aX ( /,12 aX 5 ILIZ 5 ( aocm)ﬂhZ Ot ( y) € 2
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t=0; p,=p,=p,(x%Yy), (XYy)eGUG, (10)
aqy = §ﬂ%d3, (X, y) €S, LN (11)
Si 1 1
k OP . T
U, (t):g],uz 8!‘11 ds mpu (x,y)es,, i,=LM, (12)
op,
—= =0, X, I
o, x,y)erl, (13)
P Y)=p,(%Y), (XYy)el] (14)
k, 0 k, 0
_lﬁ:_Z&’ (X, y)e]—'l (15)
My Oy 1y ON,
_a K, op, . 1(0) — r
A ma—a_)on,’ 0)=5(x,y), (x,y)el} (16)

To discretize the two-dimensional boundary value problem (9) — (16), which describes the

filtration process in a porous medium of an oil reservoir, we apply the operator splitting

scheme (also known as the method of variable directions). This is combined with the

differential sweep method (progonka), as described in [2].

This approach allows the use of the differential sweep method along each coordinate

direction. Specifically, within each time interval: First, at time t+0.5¢

we apply the sweep

method along the x-direction for each fixed y, obtaining an intermediate solution. Then, at time

t+1t we apply the sweep method along the y-direction for each fixed x, using the intermediate

solution to compute the final value for the time step.

This algorithm is then repeated at each subsequent time step. To implement this, a

uniform computational grid is constructed over the filtration domain

Q; ={(x=ih, y;=jh);i=12,..,N;; j=12,.,
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where:
_ky _ky
ky=—; ky=—;
H1 2%
K K K
®)1 _ kli—O.S,jpi(_)l’j — (k1i—0s,; + k1i+0.5,j)pi(j) + k1i+o.5,jpi(+)1,j
A[klijplij - h}zcy )
Kk+0.5 Kk+0.5 Kk+0.5
k+05)] kli,j—O.Spi(j_l ) (ki j-o05 + klij+0.5j)pi(j L ki,j+o.spi(,j+1 .
A[klijplij - h]zcy )]

Pressure at the k-th time step

Pressure at the intermediate time step k+0.5k

The finite difference system of differential equations (17) is solved at each xi direction
using the differential sweep method (progonka) for the time layer k+0.5k, subject to the given
initial conditions. Similarly, for the next time layer k+1k, the solution is computed along each
yj direction, using the results obtained at time layer k+0.5k as the initial condition. Based on the
idea of the differential sweep method, the general solution of the first equation of the finite
difference problem (17), considering the boundary conditions, can be written as follows:

P (x) = 7 (U, (X) — a; (X)w; (X) :
a; (X)V; (X) = £ (x)U; (x)

E _ i 7:i (X (X) — B (X)W, (X)
dx o o (X)V,(X)— B ()U;(x)

This solution provides the values of the pressure function and its first-order derivatives

(18)

at all points along the unknown x-direction, for every point in the y-direction. Here, the right
and left sweep coefficients — denoted as u(x) v(x), and w(x), and their corresponding values
— are determined as the solution of a Cauchy problem. For the left sweep coefficients, the
Cauchy problem is formulated as follows:

dui . ﬁ_ dWi .

The initial conditions for this system of equations are determined from the boundary

condition (2.33) on the left side of the filtration domain.
Up=Up /Ky, Vp =Vig, W=W, (20)

The Cauchy problem for the right sweep (progonka) coefficients is formulated as follows:
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[ dco.
k. — — 3.
1 dX ﬂl

dg,

| Tax — O e1)
% = R«
dx

-

The initial conditions for this system of equations are determined from the boundary

condition (21) on the right side of the filtration domain.

an:alolkn’ ﬂnlzﬂnO' Ve = 7o (22)

Similarly, based on the idea of the differential sweep (progonka) method, the general
solution of the second equation of the finite difference problem (2.39), taking into account the

boundary conditions, can be written in the same way as above.
P.(y) = Vi (YU j (y) - a; (y)Wj (y) .
’ a; (Y)IV;(y) = B;(Y)u; ()

de :i_ 7j(y)vj(y)_ﬂj(y)wj(y)
dy o o, (y)v;(y)-B;(Nu;(y)

The solution (23) provides the values of the pressure function and its first-order

(23)

derivatives at all points along the unknown y-direction for every point in the x-direction. Here,
the right and left differential sweep coefficients, denoted by u(y) v(y), and w(y), and their
corresponding values, are determined as the solution of a Cauchy problem. The Cauchy

problem for the left sweep coefficients is formulated as follows:

du,
i =V
dy
<%—Qu
dy o (24)
%: Riul
| dy

The initial conditions for this system of differential equations are determined from the

boundary condition on the left side of the filtration domain.
Up = Uy K, vy =Vig, Wy =Wy (25)

The Cauchy problem for the right sweep coefficients is formulated as follows:
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do, _ 5

i dy i

) % = {i&;
dy (26)

% =R,

K dy 1 1

The initial conditions for this system of differential equations are determined from the

boundary condition on the right side of the filtration domain.

an:alolkn’ ﬂnlzﬁn0’7/n1:7/n0 (27)

Implementing this obtained discrete model on a computer does not pose significant
difficulties. It can be carried out in the following two-step sequence:

Step 1: The initial conditions for the Cauchy problem are determined from the boundary
conditions of the problem. The Cauchy problem with initial conditions is solved along all
directions of the x-axis using the Runge-Kutta or the Kutta-Merson procedure, moving from
left to right. Similarly, the Cauchy problem with initial conditions is solved along all directions
of the xxx-axis using the Runge-Kutta or Kutta-Merson procedure, moving from right to left.

As a result, the values of the pressure function Pi(x) and its first-order derivatives are
determined for all directions of the unknown x at every point in the y-variable. Thus, the values
of the pressure function at the half time step are obtained for all points in the oil reservoir
domain

Step 2: We advance by a half time step and compute the pressure function values at time
step k+1k for all points in the oil reservoir domain. This step is performed similarly to Step 1.
The process of solving the Cauchy problem using the Runge - Kutta method is carried out
together with applying the sweep coefficients and, at each step, the normalization procedure
for these coefficients.

At each step, when calculating the given vector Uiin the Cauchy problem for the left side,
the normalized vector U= ( u, v,w) is used instead of the vector Uifrom the right side. Similarly,
when solving the Cauchy problem from left to right, the normalized vector A= (a, 8, 7) is used
instead of the vector Ai from the right side while computing the vector Ai-1A.The
normalization procedure is not applied if the chosen method preserves stability. To determine
the position of the phase-separating boundary, formula (22.24.27) is used. The application of
the differential sweep method automatically accounts for the continuity conditions of the phase
flows and the pressure’s non-discontinuity during the solution process.

Thus, when solving a two-dimensional differential equation boundary value problem
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with a moving boundary, reducing the problem to a finite difference formulation using a cross-
section scheme and solving it with the differential sweep method does not pose significant
difficulties.

Conclusion

The developed mathematical model effectively captures the dynamics of reservoir
pressure maintenance using the peripheral water injection method. By incorporating the
system of parabolic partial differential equations and suitable initial and boundary conditions,
the model simulates the interaction between oil and water phases within the reservoir.
Transforming the problem into dimensionless variables simplifies numerical implementation
and enhances computational stability.

This approach can serve as a robust framework for optimizing injection strategies in oil
tields, leading to improved oil recovery and prolonged reservoir life. Future work may extend

the model to more complex reservoir conditions and different injection techniques.
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