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spatial statistics: Local Polynomial (LP), Radial Basis Function (RBF) and its
Vol. 2, No. 1, 2025. normalized version, Normalized RBF and Thin Plate Splines (TPS). These
4. 10.62762/SJAPMR.2025.000000 methods were tested using data of traffic accidents for the year 2023 in the
streets network of 15 Iraqi provinces, to assess their predictive ability in
) modeling spatial distributions of accidents. Mean Squared Error (MSE) and
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jaufar@uokirkuk.edu.iq used in comparing the methods, in which MSE and RMSE were calculated. We
. found that the strategies were associated with different levels of smoothing,
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of spatial phenomena and ensure data-driven decisions through sound
statistical model selection.
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Introduction

In spatial statistics, the estimation of spatial surfaces and trends are fundamental to
discovering how data (any social, environmental or geographical data) vary in space. As a
consequence of nonlinear complexities and uneven spatial variation during the process of modeling
spatial phenomenon, researchers generally encounter various problems which are growing
concerns, leading to a list of nonparametric techniques that do not have an existing model form
(Boyle et al., [1] ). Of these methods, the LPR is a special case of nonparametric method for estimating
spatial surfaces. It is an approach that estimates the polynomial models locally on neighborhoods,
which endows it with great flexibility at capturing small spatial variations [2]. Alternatively, RBF
(Radial Basis Functions) have been applied to multivariate surface estimation because they are
capable of generating smooth applicable models for radial distances between data points [3].
Normalized versions of these functions (Normalized RBF) were also designed in order to stabilize
the estimate and diminish outliers effect [4]. Another popular one of the spatial smoothing
techniques is the Thin Plate Splines (TPS) method. This model is based on a minimization of the
bending energy of an estimated surface, leading to a smooth representation that approximates
spatial distributions and takes into account geometrical measures of the studied regions [5]. The
objective of this paper is to compare the four methods in the context of spatial statistics and to
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address how they perform in terms of accuracy and capturing spatial patterns, on both simulated
and real data. This comparison will hopefully offer a useful reference for deciding a proper
estimation method, based on the data type and statistical purposes [7].

Materials and Methods
Research Objective

The purpose of this paper is a numerical scientific comparison among four nonparametric
estimation methods used in spatial statistics, and they are: Local Polynomial, Radial Basis Function
(RBF) and its normalized form (Normalized RBF), Thin Plate Splines (TPS). The comparison is made
in terms of estimation accuracy, smoothing fidelity, computational efficiency and modeling
flexibility for spatial correlation patterns.

Local Polynomial Method

The local polynomial estimation is analogous to TSA, but instead of the whole dataset it uses
a moving window data. That is, the surface constructed by the set of polynomial functions and its
local trends and weights are suitable. We use the notation for the estimator, where one estimate is
determined at each location. Weighted least squares is used to decrease the estimating error.

P 206030 = Zo G YT e (1)
Where Z(x;, y;)is the estimated value of the attribute at location (x,y), and n is the number of data
points within the local window. Here, 4;is computed using the following equation:
Ai =exp (—3dijp/h) o vev e o (2)
Where dyis the distance between the data points and the center of the window, and h is a parameter
that controls the decay of weights with distance. Finally, Z,(x,y) represents the value of the
polynomial.
A first-order polynomial takes the following form:
Zo(x, yi) = Bo + P1xi + LoYi v vn .. (3)
And a second-order polynomial takes the following form:
Zo(xi, 1) = o + Buxi + Boyi + Baxf + Bayi + BsxiYi e vee e (4)

The coefficients f;are minimized in order to re-estimate them at the central point. As the
window moves, the local polynomial estimation is updated accordingly. This results in a piecewise
and moderately smooth estimation surface. Although not highly precise, it is more flexible than
trend surface analysis. However, it involves several parameter choices when incorporating existing
data. In cases where short-range variations are present, local polynomial estimation can be a useful
method for capturing such local structures.

Radial Basis Function

Let Z,=2(r,) be the linear estimator at location 1, based on N observations
Z(r),Z(1ry), ... ... Z(ry) at locations 7y, 1y, ... ... .... Ty It is assumed that each of these observations has
a similar influence within the surrounding area and in all directions. These effects can be represented
by a function ¢, which is a radial basis function (RBF) depending on the distance h = ||ry — 1;l|
between the target location ry and each observed location 7;.Thus, the function is expressed as: ¢ =
¢(llro — il , Accordingly, the estimated value atry is given by the following form:

Zo = YN 40Ulro = 1ill) o vve v (B)

Where 2; is the weight associated with location i .Assume that the weights A; are chosen such that
the estimator yields an exact value at the known point ;.
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2= hd(ln—nlh » j=123 N (6)

This condition generates a system of N equations with N unknowns,
which can be written in matrix form as follows:

A ¢l —nll ¢l —nll . . @Ulr —mvll A

Z; ¢l =nll @l =72l . . @Ulry —rll Az

. = . . . . . * .

Lz Lot =nll o=l - - gln-mil Ly

Or

Z=2AQ.cccooiiiiinn (7)

Often polynomial term

P(r)=cotaxi+toyj+-..=[1 %5 ¥ . . . Jxc

Where

c=[co ¢ ¢ . . . ]t

The polynomial coefficient vector is added to the estimator at location r; = [%j  ¥j]* which is two-
dimensional,

Zi=P(r)+ I 4l —ml) oo (8)

Where PtA=0 and
[1 x y1 x ¥ an

|
P=|.
B
11

R .

XN YN XN YN XNYN
The applied polynomial is often defined such that the constant term corresponds to one of its
columns, or to the linear polynomial used.

To solve the system of equations Z = A¢ under the constraint P‘A = 0, we obtain:

Z1_[¢ Pl

[0] = [pt 0] [C] ST C)

(similar to ordinary kriging with a Lagrange multiplier), and the degree of the polynomial may
depend on the chosen RBF.

Radial Basis Function Normalize
The NRBF estimator is derived from:

5 21 i (llro — mill)

Lo = S I §
S Y (10)
which leads to
Z3N (-l =S he(ln -7l . j=123 .. N

For the weights, in matrix form, this leads to the same system of equations as above, but with the
elements in the right-hand side vector changing from Z; to:
2 %% ¢l = 7ild
Thin Plate Splines

Let v; denote the target function values at locations (x;, y;) in the plane, with i = 1,2,...,p.
In particular, we will set v; equal to the target coordinates (x';, y’;) in turn to obtain one continuous
transformation for each coordinate. We assume that the locations (x;,y;) are all different and are
not collinear. The TPS interplant f(x,y) minimizes the bending energy
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B 9f? 2 9f? 2 9f? 2
Jf = ff [(W) +2 % <19x19y> + <19—yz> dxdy
and has the form
p

f,y)=a+ax+a,y+ ) wU(lCG,y:) — @) e (11)
Where -
r=U(r)
r2log(r) = (x —x)2 + (¥ = ¥;)? e eev v (12)

In order for f(x,y) to have square integrable second derivatives, we require that

Yioaw; =0 and XP wix; =X wiy; =0

Together with the interpolation conditions, f(x;,y;) = v; this yields a linear system for the TPS
coefficients

A 0 4 — (13)

where Kij = U(||(xi,yi) — (x,y)l]), the ith row of P is (1, xi,yi), O isa 3 X 3 matrix of zeros, o is
a3 X 1 column vector of zeros, w and v are column vectors formed from w; and v;, respectively,
and a is the column vector with elements a4, a,, a,. We will denote the (p + 3) X (p + 3) matrix
of this system by L; L is nonsingular. If we denote the upper left p x p block of L™* by Ly, then it
can be shown that
If cv'Lylv = wlKw

When there is noise in the specified values v;, one may wish to relax the exact interpolation
requirement by means of regularization. This is accomplished by minimizing
H[f] = X1 (v = f(x, y))* + Aly
The regularization parameter A, a positive scalar, controls the amount of smoothing; the limiting
case of 1 = 0 reduces to exact interpolation. we can solve for the TPS coefficients in the regularized
case by replacing the matrix K by K + AlI, where I is the p X p identity matrix.
Application

This paper employed real data relating to traffic accidents in 15 provinces of Iraq as listed in
Table (1). The information was taken from the Directorate of Transport and Communications
Statistics, year 2023. In this paper, is the number of traffic accident at location xxx with spatial
coordinates: denoting East-West axis and denotes North-South axis. A log transformation has been
performed on the dependent variables to remove heteroscedasiticity.

Table 1. number of road traffic accidents in Iraq for the year 2023

Governorates u(x) v(x) Z(x)
Nineveh 30 62 475
Kirkuk 38 54 386
Diyala 40 40 1086
Anbar 30 38 462
Baghdad 39 39 753
Babylon 37 28 1043
Karbala 35 30 618
Wasit 48 30 1168
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Salahuddin 33 47 354
Najaf 36 25 858
AL-Qadisiyah 42 27 728
Muthanna 43 20 355
Dhi Qar 50 20 532
Maysan 55 25 334
Basra 60 15 1667

The estimation techniques—Local Polynomial Method (LPM), Radial Basis Function (RBF),
Normalized RBF (RBFN), and Thin Plate Splines (TPS) —were applied to this dataset as follows.

Results and Discussion

(LPM) Technique

In this method, a first-order polynomial was used. The estimation in LPM is performed
independently at each location, meaning that each point has its own local mathematical formulation
and set of coefficients. After performing the estimation procedure, the results were obtained as
shown in Table (2 ).

(RBF) Technique

The non-parametric estimation technique based on RBF was employed to estimate spatio-
distribution values. The estimate at any unobserved location was a linear combination of basis
functions which are a function of the distance between the estimation point and observed data
points. The basis function used here was Gaussian and it is defined as follows:
O(r) =exp(—(e(M?) , e=1
where ¢ is the shape parameter that controls the smoothness of the estimated surface [8]. The
procedure was implemented using MATLAB, and the estimated values were compared with the
observed data. The computational results are presented in Table (2 ).

(RBFN) Technique

The Normalized Radial Basis Function (NRBF) technique was used to estimate spatial values
at new and unmeasured points. This method is based on the same principles as the RBF approach,
but it performs normalization on the estimated values to make the prediction more stable in cases
of varying point density [9]. The estimated value at each point xOx_0x0 is computed using equation
(10), and the Gaussian function, as previously defined in the RBF technique, was also used. This
technique demonstrated good results in terms of stability and smoothness, especially in the presence
of clustered data points. The RBFN algorithm was implemented using MATLAB, where a custom
function was developed to calculate distances between points, apply the radial basis function, and
then perform normalization [10]. The results were included in Table (2 )

(TPS) Technique

The Thin Plate Spline (TPS) technique was applied to estimate unmeasured spatial values
based on a set of measured data [11]. This technique relies on minimizing the bending of the
estimated surface while maintaining consistency with the observed values and is considered a
natural extension of quadratic interpolation to two dimensions [12]. The estimation function is
represented according to Equation (11), and the estimation results are shown in Table (2).

Table 2. Results of the Nonparametric Estimation
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LPM, RBE, RBFN, and TPS
Governorates | Z(x) Z Lpm(X) V4 rBr(X) V4 rBFN (X) z rps(X)
Nineveh 475 475 475 475 475
Kirkuk 386 386.26 386 386 386
Diyala 1086 1000 1086 1046.305 1086
Anbar 462 457.88 462 462 462
Baghdad 753 875.43 753 792.6946 753
Babylon 1043 835.41 1043 1042.849 1043
Karbala 618 715.76 618 618.1425 618
Wasit 1168 1143.7 1168 1168 1168
Salahuddin 354 353.09 354 354 354
Najaf 858 858.76 858 858.0084 858
AlL- 728 806.28 728 728 728
Qadisiyah
Muthanna 355 370.76 355 355 355
Dhi Qar 532 517.2 532 532 532
Maysan 334 353.31 334 334 334
Basra 1667 1667 1667 1667 1667
Discussion

Because the values estimated by non-parametric estimation methods, such as RBF and TPS,
strongly coincided with actual measured data values at training points, statistical evaluation
measures included Mean Squared Error (MSE), Root Mean Square Error (RMSE), Mean Absolute
Error (MAE) and Coefficient of Determination (R?) exhibited different behavior among these
methods [13]. This disagreement is due to the fact these methods are exact interpolation models,
they reproduce the original values only at the training points. So, if you apply this model to the
same points it was trained on, the error will be 0 or very close to 0 and you may get a false sense of
confidence about the accuracy of your model. In order to overcome such bias, cross-validation was
performed (in particular, the K-Fold technique), splitting data points into several subsets [14]. In
turn, one subset is left out for testing after training the model on other subsets. This approach
provides the means to evaluate how well the model performs at unmeasured locations and thus
quantify its actual predicting and generalising abilities. In the light of this realistic assessment, basic
discrepancies in accuracy of estimation were found for the different methods, despite a seemingly
identical performance at training points [15]. This emphasizes the need to use accurate and up-to-
date evaluation metrics when assessing models, instead of directly comparing performance on the

training set (Table 3).
Table 3. Results of the comparison criterion between nonparametric estimates
Method MSE RMSE MAE R?
LPM 0.0072 0.0850 0.0538  0.9693
RBF 0 0 0 1
RBEN 0.0003 0.0159 0.0058  0.9989
TPS 0 0 0 1
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Conclusion

Referring to the results presented regarding the estimation of traffic accidents in 15 Iraqi
governorates using the four nonparametric estimation techniques, we conclude the following;:

1-

The nonparametric models (LPM, RBF, RBFN, TPS) demonstrated a high capability in
representing the spatial patterns of traffic accidents, as most methods achieved high
coefficients of determination (R?), indicating an accurate match between the original and
estimated values.

The RBF and TPS techniques outperformed others based on statistical performance indicators
(MSE, RMSE, MAE, R?), where both achieved excellent estimation with zero error and R?=1,
indicating a perfect match between the original and estimated data. However, this absolute
accuracy may suggest the possibility of overfitting, especially when cross-validation is not
employed.

The RBFN method showed reasonable performance, achieving results close to ideal with an
R? = 0.9989 and very low values of MSE and RMSE. This indicates its ability to estimate with
good accuracy and generalization capacity, making it a practical choice for application on
new or incomplete data.

The Local Polynomial Method (LPM) showed relatively weak performance; although it
provided acceptable results (R? = 0.9693), its relative error was higher compared to other
methods. This reflects the limited ability of LPM to capture irregular spatial variability in the
data, especially in locations experiencing sharp changes in traffic accident counts.

Spatial differences in estimation quality appeared across locations, particularly in Baghdad,
Karbala, and Babil, which may indicate spatial heterogeneity requiring more flexible models
to capture the spatial structure of the data.

Recommendations

1.

Use the most accurate spatial estimation techniques such as RBF or TPS when precise sample
estimation models are required, while preferring RBFN in cases needing broader application
to out-of-sample data due to its high generalization capability.

Integrate cross-validation in evaluation: To ensure result reliability and avoid over fitting, it is
recommended to use cross-validation techniques (e.g., K-Fold CV) for objective and
comprehensive model performance assessment.

Expand into spatio-temporal modeling: Given the dynamic nature of traffic accidents, it is
advisable to develop spatio-temporal models that consider temporal changes alongside spatial
distribution.

Employ nonparametric models in decision-making: Best-performing models (such as RBFN
and RBF) can be utilized in traffic authorities” decision support systems to identify high-risk
governorates and propose targeted interventions.
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5. Expand explanatory variables: It is suggested to incorporate additional variables such as
population density, vehicle count, infrastructure condition, and number of intersections within
governorates to improve model performance and enhance their predictive capability.
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