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Abstract

Probabilistic modeling of rainfall data is an effective framework for
analyzing the stochastic behavior of hydrological processes. This
research involved fitting several distributions to the observed
rainfall data in Iraq including the Gamma, Lognormal, Weibull,
Generalized Weibull, GEV, and Nakagami distributions. The
maximum likelihood method was used for parameter estimation.
The adequacy of the model was evaluated through a series of
goodness-of-fit statistics which include coefficient of determination,
root mean square error, information criteria as well as the
Kolmogorov-Smirnov test. The analysis shows the Gamma
distribution performed best overall, with Weibull and GEV
following closely behind, while Lognormal and Generalized Weibull
were clearly poor fits to the observed rainfall data. Understanding
streamflow distributions is vital for predicting streamflow behavior
and improving hydrological forecasts. Furthermore, proper
quantification can be useful for ecological management and
mitigation efforts. When considering statistics, the research proves
the impact of the Gamma distribution in modeling positively skewed
rainfall. Thus, this can be used to conduct further stochastic analysis
in applied hydrology.

Keywords: Rainfall modeling, Probability distributions, Maximum
likelihood estimation, Goodness-of-fit tests, Model selection,
Hydrological statistics

Introduction

Rainfall is an important hydrological variable affecting the availability of water resources,
agricultural production and social resilience, especially in arid and semi-arid regions like Iraq.
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The irregular pattern of daily rainfall cause frequent droughts as well as flash floods.
Appropriate modeling is needed for managing water resources as well as for climate-adaptive
strategies (Kottegoda & Rosso, 2008)

Statistical modeling of rainfall has a long-established past, based on classical probability
theory. Thom (1958) was one of the first to apply the Gamma distribution to monthly
precipitation (any atmospheric water including rainfall). This computationally set the stage for
indices such as the Standardized Precipitation Index (SPI). Gumbel (1958) continued the
pioneering work on formal extreme value theory and Generalized Extreme Value (GEV)
distribution. Building on this theoretical foundation, Coles (2001) offers a general framework
for modeling extremal behavior, while Kottegoda & Rosso (2008) goes on to extend it to
stochastic time series methods in hydrology. Together, these contributions underlie rainfall
statistics modelling nowadays.

Since 2010, we have seen lots of research in places with different weather. According to El
Adlouni et al. (2015) and Modarres (2010), GEV and Gamma distributions were utilized to
model the most extreme precipitation in arid climates. In Pakistan, Hussain et al. (2017)
compared two- and three-parameter models and found that in semi-arid conditions, the
Weibull and Lognormal distributions usually outperform the Gamma model. In Turkey,
Dabanl: et al. (2020) showed that Generalized Weibull was the best model to yield skewed
results. Further, Kaya & Dabanli (2024) validated Nakagami and GEV as good models in the
Mediterranean regimes. Kumar et al. (2024) also agreed with these findings in South Asia and
suggested flexible distribution to assess rainfall risk.

When it comes to the Iragi context, most studies explicitly focus on rainfall and not
precipitation in general. According to Al-Ansari et al. (2012) and Al-Ansari (2014, 2019)
estimated the Gamma and Lognormal models in Iraq north. Rasheed and Al-Mukhtar (2015)
applied Weibull and Gumbel fits to the extreme rainfall data in Baghdad and found a high
skewness. The works of Ahmed et al. (2019) and Al-Timimi & Jassim (2020) introduced
probabilistic modeling to the central and southern Iraq. applying aridity indicators,
Mohammed (2020) examined rainfall variability in a few Iraqi stations. Al-Obaidi (2020)
investigated the seasonal and yearly rainfall characteristics in Daqouq District using GIS
techniques.In Mosul rainfall analysis, Mohammed & Aziz (2021) evaluated the quality of
Gamma and Lognormal fits. Meanwhile, Hussein et al. (2022) validated monthly Rainfall fits
using more distributions, including Nakagami and GEV. According to Abbas and Ali (2023)
who worked in western Iraq, flexible probability distributions capture the intermittent nature
of rainfall better. Multi-decadal rainfall was studied in Kirkuk by Hussein & Kasim (2024).
They noted that performance of GEV and Nakagami were better than Gamma and Lognormal
for extremes. Also, long-term rainfall of the Kurdistan Region was seen in Fawzee et al. (2020).
They remarked that Gamma and Weibull fit best for seasonal variation and performance of
Lognormal is poor for skewed conditions.

While this work has progressed, there has not been a systematic prolonged examination of
different probability distributions, including old and modern flexible ones, for monthly rainfall
in Iraq. To bridge this gap, we assess six candidate distributions: Gamma, Lognormal, Weibull,
Generalized Weibull, GEV and Nakagami. The monthly Rainfall data (1981-2024) is used for
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estimating parameters through maximum likelihood estimation (MLE) and assessing the
performance of the models using a range of goodness-of-fit measures (AIC, BIC, Kolmogorov-
Kolmogorov-Smirnov, Anderson-Darling, RMSE and R2). Thus, this study seeks to discover
the model that fits the rainfall data in Iraq statistically most appropriate. A suitable model is
important for forecasting, drought modelling, and water resource planning.

Materials and Methods

This section describes the rainfall dataset and the statistical methods used for modelling.
Several distributions Gamma, Lognormal, Weibull, Generalized Weibull, GEV, and Nakagami
were selected to model rainfall characteristics.

The parameters were estimated using maximum likelihood estimation (MLE), with model
adequacy assessed through several goodness-of-fit tests.

Results and Discussion

The rainfall dataset utilized in this study ranges from 1981 to 2024, covering a 44-year period,
and was obtained from the Iraqi Meteorological Organization and Seismology (IMOS). This is
the annual total rainfall (mm) recorded from the different climatic conditions of the research
period. The dataset is also subject to extremely dry and wet years which is good for statistical
modelling. Table 1 presents descriptive statistics on rainfall data, which reveals a minimum of
0.78 mm, a maximum of 82.31 mm, a mean of 22.50 mm, and a standard deviation of 19.42 mm.
The distributional features show that the distribution has moderate positive skewness of 0.53
and kurtosis of 2.35 implying a non-normal distribution of rainfall. The dataset serves as the
basis for probabilistic modeling in this study, allowing multiple statistical distributions to be
evaluated in order to better define rainfall occurrence.

Tablel: Descriptive statistics of Rainfall data for used locations

Descriptive statistics Value (mm)
Minimum 0.78
Maximum 82.31

Mean 22.5
Standard deviation 19.42
Skewness 0.53
Kurtosis 2.35
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Figure 1. Annual Rainfall Map of Iraq, highlighting north-south gradient.

Method

Gamma Distribution

The Gamma distribution is a widely used continuous distribution of a random variable that
takes on only positive values and has a right skew. A common use of the Gamma distribution
is to describe rainfall amounts. Its probability density function is given by.:

F(xik 8) = s 2t e ;x>0, 6,k>0 (1)

In the equation stated, k is the shape parameter which is greater than 0 and O is the scale
parameter which is greater than 0. Furthermore, Bs e-Ox is the probability density function.
Additionally, (k) is the Gamma function. The flexibility of this distribution makes it
appropriate for the variability and asymmetry of rainfalls..

The Lognormal Distribution

Lognormal distribution is useful for positive-valued and skewed variables. Similarly, rainfall
data is often skewed and high, which makes it a good candidate for this distribution. The log
of the rainfall amounts is normally distributed as per this distribution. Its probability density
tunction (PDF) is given by.

_(nx—p?

f(xu,0)= —= e 2 ;x>0,0>0 (2

The symbols ‘?” and ‘0’ indicate the meanlocated at the standarddeviation scaleofvariable xi.
The Lognormal distribution has proven successful in estimating moderate to extreme rainfall
and is widely used in hydrology and climatology studies because it can effectively model
skewed data..

Weibull Distribution

The Weibull distribution was first introduced by Waloddi Weibull (1951) and it is a flexible

https://researchvision.us/index.php/symmetria 191Page



https://researchvision.us/index.php/symmetria

Vol.3 | No. 1 | 2026 Symmetria : Journal of Advanced Physics and Mathematical Review

tool widely employed in hydrology, climatology, and reliability. This model can capture
increasing, decreasing, and constant hazard rates. Therefore it is used to model rainfall and
wind speed. Weibull distribution probability density function (PDF) is given by.

F(xik 0) = gk e™@ ;x50, 0,k>0  (3)

where k > 0 is the shape parameter, 0 > 0 is the scale parameter.

Generalized Weibull (GW) Distribution

The GW distribution was conceptualized by Mudholkar, Srivastava, and Kollia (1996) which is
a generalized version of classical Weibull distribution with more flexibility to model lifetime
and environmental data. Many experts in reliability, survival analysis and hydrology have
recently become interested in the new distributions listed below. The probability density
function (PDF) is given by:

fooa B,p) = 2 (et (1= @) @50, 08,150 @)

Here a > 0 is the scale parameter and 3 > 0, Y > 0 are shape parameters. When vy =1, the model
transforms into the usual Weibull distribution, and it takes on various shapes of the hazard
rate, above all the “bathtub” shape. Because it is flexible, it can also be used to model rainfall
and other hydrological processes.

Generalized Extreme Value (GEV)

The GEV distribution was created through the Extreme Value Theory that focuses on the
asymptotic behavior of block maxima (and minima) of random variables. The GEV
introduced and formalized by Jenkinson (1955) consists of three types of extreme value
distributions: Gumbel (type I), Fréchet (type II), and Weibull (type III), unified by one shape
parameter. Because of this, it is a basic tool for hydrology, climatology and risk analysis. In
particular extreme rainfall modelling, floods and wind speed.

GEV distribution has probability density function (PDF).

et mf [ (2)] ]

1+§(”"—“)>0, o> 0
a

for x satisfying 1+ ¢ ( ) >0 ,with location p € R, scale 0 >0, and shape ¢ € R.

Nakagami Distribution

The Nakagami distribution is proposed by Nakagami (1960) for fading modeling in radio wave
propagation. Since that time, it has found extensive applications in hydrology, climatology,
and environmental sciences and due to its flexibility to model data which is positively skewed,
it has been applied in environmental and rainfall studies.

The Nakagami distribution uses a probability density function.

f (i ) = @< Y xEt e x>0 (6)

where m > E is the shape parameter, () >0 is the scale parameter, and.

Parameter Estimation
In the study, all candidate probability distribution parameters were estimated by MLE
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(Maximum Likelihood Estimation) method. MLE, or maximum likelihood estimation, is
known to be one of the most reliable techniques for parametric estimation (Casella & Berger,
2002). Because of its consistency, efficiency and asymptotic normality, it is widely used in
statistics. This method involves constructing the likelihood function of the rainfall data as per
some distribution. Thus, it represents the joint probability of the observed data. This function
can be maximized to get parameter estimates.

LO)=ITi=1 f(x;;0) (7)
and the maximum likelihood estimator is obtained as:
9=arg max L(O) (8)

Because rainfall is skewed and heavy-tailed in oceanographic and hydrological applications,
MLE is a good estimator. This method produces parameter estimates that are stable and
represent the central location as well as extremes. The estimates we ended up with were used
in the goodness fit test to evaluate the correctly fit probability that fit our rainfall data..
Goodness of Fit Test Criteria

To check the goodness-of-fit of fitted probability distributions, we applied several well-
known criteria that are mostly used, including coefficient of determination (R?), root mean
square error (RMSE), Akaike Information Criterion (AIC), Bayesian Information Criterion
(BIC) and finally Kolmogorov-Smirnov (KS) test with its p-value.

The coefficient of determination is defined as.:
RZ — AZ{L_=1(ﬁi_F)2 _ )
i (Fi—F)2+Ei (Fi—F)?
where F; and F; denote the empirical and theoretical cumulative probabilities, respectively, and
F is their mean.

The RMSE is computed as:

1 ~ .2
RMSE =\/(; i=1(Fi — F9) ) (10)
The information criteria are expressed as:
AIC=-2 InL (0)+2k (11)
BIC=—2InL () +klnn (12)

where L () is the maximum likelihood function,k is the number of estimated parameters, and
n is the sample size.

The KS test statistic is given by:

D, = sgp|Fn(x) —F(x;0)| (13)

where F, (x) is the empirical cumulative distribution function and F (x; 8) is the theoretical CDF
with estimated parameters. The corresponding KS,_y a1y is also reported to assess the statistical
significance of the test results.

Results and Discussion

The parameter estimation results for the considered probability distributions, obtained using
the Maximum Likelihood Estimation (MLE) method, are presented in Table 2. The Gamma
distribution was characterized by a shape parameter of 2.0824 and a scale of 2.7082 (equivalent
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to a rate of 0.3692). The Lognormal distribution exhibited a shape (sdlog) of 0.7911 and a mean
log of 1.4709. For the Weibull distribution, the estimated parameters were a shape of 1.5221
and a scale of 6.2746. The Generalized Weibull distribution showed a shape of 0.0385, a scale
of 3.8795, and an additional parameter c = 1. In the case of the GEV distribution, the parameters
included shape = 0.1335, scale = 2.6145, and location = 3.7535. Finally, the Nakagami
distribution yielded estimates of m = 0.6716 and w = 46.8373.

Table 2. Estimated parameters of the probability distributions.

Distribution Shape  Scale Location
Gamma 2.082 2.708 -
Lognormal 1.574 0.842 -
Weibull 1.522 6.275 -
Generalized Weibull 0.998 4.462 1.220
GEV -0.115 3.746 5.821
Nakagami 0.672 46.837 -

The goodness-of-fit statistics for all candidate distributions are presented in Table 3, based on
multiple evaluation criteria including the coefficient of determination (R?), root mean square
error (RMSE), Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and
Kolmogorov-Smirnov (KS) test with corresponding p-values.

Table 3. Goodness-of-fit statistics for the fitted probability distributions.

Distribution R? RMSE AIC BIC KS KS p-value
Gamma 0.999 0.136  5208.140 5217.960 0.026 0.497
Lognormal 0.932 2.028  5315.060 5324.880 0.072 0.000
Weibull 0.994 0319 5218770 5228580 0.036 0.149
Generalized Weibull 0.982  5.626 ~ 7605.100 7619.830 0.670 0.000
GEV 0.983  0.567  5240.480 5255.200 0.027 0.480
Nakagami 0.984 0528  5246.400 5256.220 0.059 0.002

Of all models considered, the Gamma distribution showed the best performance overall, with
the highest R? value (0.9988) and the lowest RMSE value (0.1355). Also, it had the smallest AIC
(5208.144) and BIC (5217.959) values. Moreover, the KS statistic for the Gamma model was
0.0262; the KS p-value is 0.496. We cannot reject the null hypothesis of the KS test (data follows
the Gamma distribution) at 5% level. Thus, this is the best model. The second best model is
Weibull (R2 =0.9937, RMSE=0.3194, KS p-value=0.149. Hence, this is also a good model though
slightly worse than Gamma. The GEV distribution performed well as well, especially in
estimating extremes, R?=0.983 and KS p-value = 0.480. On the other hand, Gamma distribution
is the best probability model to describe the annual rainfalls of Iraq for the period (1981-2024).
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Furthermore, its performance is better than Nakagami, GEV, Weibull, Lognormal and
Generalized Weibull models. Also, Generalized Weibull model has the worst performance with
a very high RMSE (5.6264), largest AIC and BIC values as well as a KS p-value of 0 indicating
a very poor fit. The finding is in accordance with previous works on hydrology in arid and
semi-arid areas as the gamma distribution tends to display more flexibility than wnge.

Figure 2 shows the probability you can assign to the amount of rain that falls in a given month.
The Gamma and the Weibull distribution fits the observed data better as compared to the other
distributions, especially centering and upper values. Lognormal distribution fit the extreme
value fairly well, however, overestimation in the tail occurred. The Generalized Weibull
provided a little more flexibility with a moderate fit. The GEV distribution is recommended to
apply for climate extremes rather than overall distribution fitting, even though: it fits extremes.
On the other hands, the Nakagami distribution deviated from observed rainfall clearly
especially at higher values confirming its goodness of fit was poor.

Fitted Densty Plots with Histogram
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Conclusion

The study tested the fitness of six probability distributions for annual rainfall in Iraq covering
a period of 1981 - 2024 which includes Gamma, Weibull, Lognormal, Generalized Weibull, GEV
and Nakagami. The parameters were estimated using the Maximum Likelihood Estimation
(MLE) method and the goodness-of-fit was tested by R?, RMSE, AIC, BIC and the Kolmogorov—
Smirnov (KS) test. The results show that the Gamma distribution outperforms the other
candidate models with the highest R? value of 0.999, lowest RMSE (0.136) and the lowest AIC
and BIC values. The KS test supports that the Gamma distribution is the best fit for the rainfall
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distribution of Iraq; the p-value is 0.497. The Weibull distribution was the second best fit while
the Generalized Weibull and Nakagami distribution performed poorly indicating unsuitability
for modeling Rainfall in this case. The results show that the Gamma distribution is the best
model for rainfall variability in Iraq, corroborating findings in studies of arid and semi-arid

areas.

The Gamma distribution can be efficiently used for hydrological modeling, water

resources planning, and climate impact assessment in Iraq. For future research, stationary
distribution models could be applied in conjunction with climate covariates to detect potential
trends and variance in a modified climate.
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